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G-ensemble
> [-ensemble with the potential V: the distribution in RN de-

fined by
Vi[b_,b 1 B ,Vib_.b
dPN,}J’ +](X) = ZV?[bfabJr] exp {_2HN [ +](X)} l[bf,b+]N(X)dX'
N?ﬁ
(1.1)
> Here,

N
H,‘V/;[b*’b”(x) — Z — log |X; — xj| + NZ V(x;). (1.2)
1<i#j<N i=1

considered as a function of x, is the Hamiltonian.
>

Vilb_,b B Vilb_ b
ZN,‘E +] = /RN exp {_ZHN[ +](X)} I[b_,b+]N(X)dX

(1.3)
is the normalizing constant, called the partition function,



The parameter § is a positive number which is proportional
to the inverse of the absolute temperature

The function V : RN [b_, b;] — R, called the potential, is a
continuous function.

Assume that if b, = 700 where = = — or +, then V satisfies
the growth condition

v
. 1.4
'X'TT'QJC 2log | x| > 1 (14)

When 8 = 1,2,4, and V(x) = x2/2, such distributions cor-
respond to the eigenvalue distributions of real symmetric,
Hermitian and symplectic matrix modles, respectively.



» The logarithmic potential energy functional on the probabil-
ity measure space P([b_, b;]) over [b_, by] defined by

Iy (1) =/ log |x — y| ™" u(dx) u(dy)
[b—,bs]x[b—,bs] (1.5)

Vv
+ /[b_’m] (x) u(dx)

» The equilibrium measure is a unique global minimizer uy
which has a compact support, denoted by ¥y, and uy is
characterized by the existence of a constant ¢y such that

Cv(x) > cyforall x € [b_, by],

1.6
Cv(x) = cy for py- almost surely x, (16)

where

v = [loglx—yi untan) + Y52 1)



Empirical measure and linear statistics

» The empirical measure Ly is defined by:

N
1
Ly := N;(SX" (1.8)
» The unnormalized empirical measure My
N
My = dy. (1.9)
i=1
» The linear statistics associated to real function g is defined

by
Mn(g) = /R 9(x) My (k). (1.10)



Background

» LLN and LDP for the empirical measure: The empirical
measure Ly converges almost surely to the equilibrium mea-
sure) uy, and satisfies a large deviation principle (see Ben
Arous and Guionnet(1997)).

» CLT for the linear statistics: Johansson(1998), Shcherbina(2013),
Borot and Guionnet(2013), Bekerman, Leblé and Serfaty(2018).
See Bai and Silverstein (2010) for the linear statistics of
eigenvalues of random matrices.

» Stein method and Berrey-Esseen bounds for the linear statis-
tics: Lambert, Ledoux and Webb (2017).

» MDP for the empirical measure: Dembo, Guionnet and Zeitouni
(2003) for Gaussian ensembles.

» Our purpose: To study MDP for the linear statistics of -
ensembles



Basic assumption (H1)

Regularity The function V and g are continuous functions over

[b—7 b+]

Confinement If b, = 7o is infinite, then the growth condition
(1.4) holds.

One-cut regime The support X of puy consists in unique inter-
val [a—, oy ] C [b—, by].

Control of LD On [b_, b+]\(a—, a4 ), the function {y(x) achieves
its minimum value at a_ and a only.

Offcriticality S(x) > 0 whenever x € [a_, a4 ], where

_ uy ”erm )| a1

TGSoft ) 7

and 7 € Hard (resp. 7 € Soft) iff o, = b, (resp.
7(br — ;) > 0).
Analyticity V and g can be extended as a holomorphic func-
tion on some open neighborhood U of [a_, a].



CLT

Mn(9) — N [ g(&)pv(d€) converges in law as N — oo to a Gaus-
sian dlstrlbutlon with mean
2
mwyzb—ﬁ)/wwmwm) 22)

and variance
vg) =~ [ 600g Couv(a), (2:3)

where the constant ¢; and the function ¢ of class C? in some
open neighborhood U of [a_, ] are the solution of

_fw /‘Z’X i V(dy):g(ZX)Jrcgforer.
(2.4)



Main result

Theorem 2.1
Let ry be a sequence of positive numbers satisfying

'y — 00, I’N/N—>0.

Assume that (H 1) holds. Then

™ (Z, 19(A) = N [g(&)py(de) — m(g)) satisfies a large
deviation pnncrple with speed rN and good rate function
J(x) = 2v(g)7 that is, for any closed F C R,

||msup 1 IOng[b bs] (Z, 19(\) = N [ g(&)uv(dE) — m(9)

N— oo I'n

and for any open F C R,

I'n

||m|nfl|0gPV[b b+]<z’ 19(N) = N[ 9(&)pv(dE) -



It is sufficient to prove that for t € [—ry, ry] uniformly
log Ey, 5 (exp {tMn(9)})

2 3 2.7
- tN/g(f)uv(d£)+ tm(g) + zL§V(g) +0 (;Q,’) ) &)

where Ey , means the expectation with the distribution P,‘\fga"a*],

and [a_, a,] is a finite interval with

[Oé_,O[_|_] - [a—7 a+] - [b—7b+]



We can write

log EN 5 (exp {ZBtMN(Q)D

t S
:_g/o E,\\%MN(g)ds

== — W, N(n)dnds
2 Jo Lo o) 5= 9(mMWy ()

where C([a-, a;]) is a contour surrounding [a—, a] inside U,

V() = V(x) + g(x). @8)

and the correlator

WA (x) = Ex, ( / "’)’(’V(_d?> , (2.9)




Therefore, we need to give an expansion of the correlator Wy =
t
W,V (x) such that

t 1 Vs
—g(n)W, ¥(n)dnds
/i(am ng(n) 1V (n)dn

3
= [ g@uiae) + mig) + (g>+0(r,g>



Representations of m(g) and v(g)
Set

H1,[a_,a,] = {f : holomorphic on C\ [a-, a,], f(x) = O(1/x), x — oo}
and
Hofa a) = {f € Higa agi f(X) = O(1/x%) @s x — oo}

Define the bounded linear operator from Hy, 5 2,110 Hy,ja_a,):

— opl-1} _ dg L) (1 ) )
(Kf)(x) :==2W; 7 (x)f(x) Jé([a,aq) 2ir L(x) <x y: +c ) V(&f(¢)
(2.10)
where
Wiy = [ A9 —a;) (211
00 = [ 202 1 T-a) @
and the constant
0, If Soft = {£} or Hard = {%},
¢= { aTJa_w if 7 € Soft and — 7 € Hard. (2.12)



Then

- dé 1 5(8) f(8)
(K1ﬂu%:£mﬂanmﬂﬁ—xﬁﬂzyﬁy (2.13)

where

V0= - 00+ L 500 = Vi a)x—an).

(2.14)



We can prove that m(g) and v(g) have the following represen-

tations. 1

m — ~ r d 9
@=4 . s

2 1
10=-3f . 5iratE@man
where
_ - ag L(g) (1 (w1
Rl e (iete)gom (s)],

B 2 _ d -1 1
r(x) = - (1 - 5> K <dXW1 W+ 2 @ agne a») |
(2.16)



Thus, the key of the proof is to obtain the following expansion:

2

Wi (x) = NW1{_1}(X) +r(x)+tL(9)(x) + o0 <X\/’> (2.17)
since

t
[ d e (MWD + )+ s£(9)(n)) (mydnds
0 Je(laai]) 2T

2
— N / 9(€)uv(de) + tm(g )+—5v(g)



Loop equations

Generally, the correlators W,,V’tV, n > 1 are defined by
Vt
Wa(x1, -, xn) :=Wp" (X1, -+, Xn)

vi_ 2 S i
N NS i=1 x;—-
:851 .. 86[1 Iog (ZN7B 1 >
g1=--=ep=0

(2.18)
They satisfy the following loop equations:



(1). Forany x € C\ [a-, a4],
Waloex) + (WG + (1= 2) 2 (Wh(0)

+(N(1=2/8) - N?) 1

T€Hard (ar —a-7)(x - ar)

de L(¢) ( 1 > dVi(€) (2.19)
- N g5 =§)
(fé([ajﬁ) 2im L(X) X — é‘ +cC dE W1 (5)
> 0a, log ZyW 121
B Z X — a, =0

TeSoft



(2. Forany n > 2, x € C\ [a_,a+], xi = (Xj)ies € (C\
[a,a.])" ",
2

ad
Wost (X, X, X1) ) Wyt (X, X0) Wa ) (X, Xng) + (1 - 5) o (Wn(x. X))
Jcl

- g Lg) (1 avj(€)
=N <£Z([a a+]) 2im L(x) ( xX—¢£ + C) de¢ Wn(fvxl)>

Z - < n— ;(X )’((I/\{I}) LL(())((I)) <X1Xi +c> Wn—1(XI))

Z aa, Wn— 1(XI)
ﬂ .

—a
T€Soft T

(2.20)



Priori estimates for correlators

» For t € [—ry, ry] uniformly,

| Wy — NW1{_1}Hr < Cr v ig|lllg’| WN> (2.21)
where
Wn = +/ N(Iog N+ I'N). (222)

> Suppose wy — oo with N — oo and ||Wy — NW{||r <
Crvgwn. Then for each n > 2, there exists a constant
Cn = Cpr,v,g such that for t € [—ry, ry] uniformly,

[Wa(x1,- -+, Xa)llr < Cn(wn)" (2.23)



Proof of (2.17)

SetsW; = W, — NW1{_1}. Then by the priori estimates and the
loop equations, we get

(3W4)(x) = O(/N(iog N + y)) = o(N),
Wa(x, x) = O(N(log N + 1)) = o(N?),

and v
aaT |Og ZNNv[af say]

S — = o(1)




Using the loop equations again, one can get

(KSWa)(x) + - ((BW)(x))2 = O(ry).

N
Wy = O(r),
(5W4)? = o(Nry),
and
(KoWy)(x) = é([a,aq) Zfrig()) (X 1—6 - c) g EOW(E)+o(m).
Thus

Wi (x) = tL(g)(x) + o(rn)-



By the loop equations (2.20), we can obtain

Oa, Wi (y)

A o(1), Ws(x,x,y)= O(r,“?’,), Wa(x,y) = O("/%/%

Wa(x,x) = O <:§’ + 1) = o(rg),

and

K(62Wh)(x) = — (1 - %) <i( w0+ Y @ = a_j)(x - aT))

T€Hard

£ de L) (1 ) - ,
N (fi([a_,m) 2im L(x) (X —e C) g (€)L(9)(¢) — (£(9)(x)) )

+o0 (rﬁ,/N) i

where 5o Wy = o1 Wy — tL(9),



Therefore, we have

5 Wi (%) = r(x) + 1 £(9)(x) + 0 (ﬁ) ,

Z| %

where

o)) =K~ < [l S EGEOCE (z(g)(x>)2> |

That is,

Wi (x) = NWED () + r(x) + tL(g)(x) + Z/f(g)(x) +o (fj) :



Therefore, we have

ogE¥ s (o0 {1 (Mnte) - N [ 90huvta0) - mi)) - @)} )

_P N

= Lug)+o ™).

where 4 1
u == - [,N dn
@37 b .. 2FINEOW
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